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ASYMPTOTIC BASE LOCI VIA OKOUNKOV BODIES 


SUNG RAK CHOI, YOONSUK HYUN, JINHYUNG PARK, AND JOONYEONG WON 


Abstract. An Okounkov body is a convex body in Euclidean space associated to a divisor on a smooth 
projective variety with respect to an admissible flag. In this paper, we recover the asymptotic base loci 
from the Okounkov bodies by studying various asymptotic invariants such as the asymptotic valuations 
and the moving Seshadri constants. Consequently, we obtain the nefness and ampleness criteria of 
divisors in terms of the Okounkov bodies. Furthermore, we compute the divisorial Zariski decomposition 
by the Okounkov bodies, and find upper and lower bounds for moving Seshadri constants given by the 
size of simplexes contained in the Okounkov bodies. 
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1. Introduction 

It is a fundamental problem to understand the geometry of linear series or divisors on a variety 
in algebraic geometry. Since the introduction and treatment of the Okounkov bodies associated to 
big divisors by Lazarsfeld-Musta^a ( |LM ) ) and Kaveh-Khovanskii ( |KK] 1 motivated by earlier works by 
Okounkov 1 |01) . [02] 1. there have been considerable attempts to extract various properties of divisors 
from the Okounkov bodies. Let I? be a divisor on a smooth projective variety X of dimension n. Then 
the Okounkov body Ay, (D) is a convex body in the Euclidean space R" associated to D with respect 
to an admissible flag Y,. In jCHPWj . we defined and studied the valuative Okounkov body A^'(D) and 
the limiting Okounkov body A^™(D) of a pseudoeffective divisor D with respect to an admissible flag 
y,. They are also convex bodies in the Euclidean space R" which coincide with the classical Okounkov 
body Ay, (D) if D is big. Eor more details of Okounkov bodies, see Section O 

It was shown that two pseudoeffective divisors are numerically equivalent to each other if and only if the 
associated limiting Okounkov bodies with respect to all admissible flags coincide 1 [LM1 Proposition 4.1], 
[H Theorem A], [CHPWl Theorem Cj). Thus, in principle, every numerical property of pseudoeffective 
divisors can be encoded in the associated limiting Okounkov bodies with respect to all admissible flags. 
On the other hand, the valuative Okounkov bodies are not numerical in nature and the main results of 
this paper do not hold for such bodies (see [CPWl Remark 4.10]). 

One of the most important numerical properties of pseudoeffective divisors is the asymptotic base 
loci. The principal aim of this paper is to study how to extract asymptotic base loci, more precisely, the 
restricted base locus B_.(D) and the augmented base locus By(D), from the limiting Okounkov bodies 
of a pseudoeffective divisor D. See Subsection 12.II for definitions of asymptotic base loci. 

The following is the first main result of this paper on the restricted base loci. 
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Theorem A f=Theorem 14.21) . Let D he a pseudoeffective divisor on a smooth projective variety X of 
dimension n. Then the following are equivalent. 

(1) a; G 

(2) For any admissible flag Y, centered at x, the origin o/R." is not contained in Ay™(£)). 

(3) For some admissible flag Y, centered at x, the origin o/M" is not contained in 

Note that a pseudoeffective divisor D is nef if and only if B_(£>) = 0. Thus we immediately obtain 
the following nefness criterion of divisors. 

Corollary B l=Corollarv 14.311 . Let D be a pseudoeffective divisor on a smooth projective variety X of 
dimension n. Then the following are equivalent. 

(1) D is nef. 

(2) For any admissible flag Y,, the origin o/R” is contained in Ay/‘(Z?). 

(3) For any point x € X and for some admissible flag Y, centered at x, the origin o/R” is contained 
in A'ffiD). 

To prove Theoreml^ we use the asymptotic valuation at a given pseudoeffective divisor (see Subsection 
12.21 for the definition). Furthermore, we recover the divisorial components of B_(Z?) from the limiting 
Okounkov bodies, thereby obtaining the movability criterion of divisors (see Theorem 14.41) . We also 
compute the divisorial Zariski decomposition of a pseudoeffective divisor (see Section [SJ . 

Next we prove the analogous results for the augmented base locus. We define U>o ■= U H R"q where 
t/ is a small open neighborhood of the origin of R”. 

Theorem C (=Theorem 16.4|) . Let D be a pseudoeffective divisor on a smooth projective variety X of 
dimension n. Then the following are equivalent. 

{\)x€B+{D). 

(2) For any admissible flag Y, centered at x, U>q is not contained in Ay™(Z)) for any small open 
neighborhood U of the origin of R". 

(3) For some admissible flag Y, centered at x, C/>o is not contained in Ay™(I?) for any small open 
neighborhood U of the origin of R". 

Note that a pseudoeffective divisor D is ample if and only if B+(I?) = 0. Thus we immediately obtain 
the following ampleness criterion of divisors. 

Corollary D 1— Proposition lB?^ . Let D be a big divisor on a smooth projective variety X of dimension 
n. Then the following are equivalent. 

(1) D is ample. 

(2) For any admissible flag Y,, U>o Is contained in Ay,{D) for some small open neighborhood U of 
the origin o/R". 

(3) For any point x € X and for some admissible flag Y, centered at x, U>o is contained in Ay, {D) 
for some small open neighborhood U of the origin o/R". 

The main ingredient of the proof of Theorem [C] is the results on the relation between the moving 
Seshadri constants of big divisors and the Okounkov bodies (see Subsection 12.51 for the definition of 
moving Seshadri constants). 

We can also give both lower and upper bounds for the moving Seshadri constants of pseudoeffective 
divisors by analyzing the structure of the limiting Okounkov bodies. A simplex of length X = (Ai, • • • , A„) 
is a convex subset of R" q defined as 



where Ai > 0 (1 < i < n) are nonnegative real numbers. We let a;i = 0 for i such that Ai = 0. If 
X 0 B_(I?), then the origin of R" is contained in A^flf{D) for all admissible flag Y, by Theorem 1X1 
Thus A A C Ay™(Z)) for some length A. For x ^ B_(£>) and an admissible flag Y, centered at x, we 
consider the maximal sub-simplex Amax of length (Ai,--- ,A„) contained in Ay™(£)). In this case, we 
set Xi{D-,x,Y,) := Ai and Xynin{D-,x,Y,) := mini{Ai(0; x, Y,)}. If x G B_(£>) so that the origin is not 
contained in Ay™(ii>), then we define Amax as the origin. Now we can state our result on bounds for 
moving Seshadri constants. 
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Theorem E f^Theorem 17.31) . Let D be a pseudoejfective divisor on a smooth projective variety X of 
dimension n, and x be a point on X. Then we have 

sup{Amin(T>;x,y,)} < e(||D||;a;) < inf{A„(£>; a;, T,)} 

Y. 

where sup and inf are taken over the admissible flags Y, centered at x. 

We prove Theorem |E] by basically reducing our statement to the case of nef divisors (Theorem 17.3p 
using a version of the Fujita approximation for the Okounkov bodies. 

Note that both inequalities in Theorem lEl can be strict in general (see Example 17.511 . Thus it is still 
too much to expect to obtain the exact values of the moving Seshadri constants by only considering 
the limiting Okounkov bodies on X. On the other hand, one can obtain the exact values by using 
the infinitesimal Okounkov bodies (see |LM[ Remark 5.5], |KL3[ Theorem C]). However, computing the 
infinitesimal Okounkov bodies is quite difficult in general. Moreover, it is already very interesting to give 
some bounds for moving Seshadri constants using the Okounkov bodies only (cf. ID, Em]). 

Our main results are higher dimensional generalizations of some results in [KLlj . We remark that 
Kiironya and Lozovanu also independently obtained Theorem|A|and Corollary|B]in [KL2) when the divisor 
D is big. They also showed Theorem [Cl and Corollary [Pl under the assumption that Yi is ample. Our 
results do not require such strong condition on the admissible flags Y, and extend to the pseudoeffective 
case as well. 

The organization of the paper is as follows. We start in Section [2] by collecting basic facts on the 
asymptotic base loci, asymptotic valuations, divisorial Zariski decompositions, restricted volumes, and 
moving Seshadri constants. In Section [31 we review the construction and basic properties of limiting 
Okounkov bodies. The next two sections concern asymptotic valuations via limiting Okounkov bodies. 
We give the proofs of Theorem [^ and Corollary |B] in Section |4l and we calculate the divisorial Zariski 
decomposition via the limiting Okounkov bodies in Section |5l We then turn to the augmented base loci 
and moving Seshadri constants. In Section |6l we show Corollary IdI first, and then prove Theorem ICl 
Section [7] is devoted to proving Theorem [E] 

2. Preliminaries 

In this section, we recall basic notions and properties which we use later on. By a variety, we mean a 
smooth projective variety defined over the field C of complex numbers. Unless otherwise stated, a divisor 
means an R-Cartier divisor. A divisor D is pseudoeffective if its numerical equivalence class \D\ G N^(X)k 
lies in the pseudoeffective cone Eff(A), the closure of the cone spanned by effective divisor classes. A 
divisor Z? on a variety X is big if \D\ lies in the interior Big(X) of Eff(A). 

2.1. Asymptotic base loci. We will define the asymptotic base loci of divisors which will be used 
throughout the paper. Let I? be a Q-divisor on a variety X. The stable base locus SB{D) of D is defined 
as 

SB{D) := Pl Bs(|m£>|) 

m>0 

where the intersection is taken over the positive integers m such that mD are Z-divisors. 

We recall that SB(D) is not a numerical property of D (see [Lai Example 10.3.3]). However, the 
following asymptotic base loci which are defined for R-divisors D depend only on the numerical class 
[D] e N1 (A)k. 

Definition 2.1. Let D be a divisor on a variety X. The restricted base locus B„(I?) of D is defined as 

B_(D) :=|JSB(D + A) 

,4 

where the union is taken over all ample divisors A such that D + A are Q-divisors. The augmented base 
locus B+(ZI) is defined as 

B+(D) :=PSB(D-A) 

where the intersection is taken over all ample divisors A such that D — A are Q-divisors. 
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We recall that D is nef if and only if B_(Z?) = 0, and D is ample if and only if B+(Z?) = 0. It is 
also easy to see that D is not pseudoeffective if and only if B_(Z?) = X, and D is not big if and only 
if B+(Z?) = X. It is well known that B_(Z?) and B+(Z?) do not contain any isolated points. For more 
details on the asymptotic base loci, we refer to |La] . |ELMNPT| and |ELMNP2] . 


2.2. Asymptotic valuations. Let cr be a divisorial valuation of a variety X, and V := Centjv a be its 
center on A. If D is a big divisor on A, we dehne the asymptotic valuation of cr at D as 

ordvdlDll) := M{a{D') \D = D' >0}. 

If D is only a pseudoeffective divisor on A, we define 

ordy(||II||) := lim ordv(||£> + eA||) 

e^0+ 

for some ample divisor A on X. This definition is independent of the choice of A, and the number 
ordy(||D||) depends only on the numerical class [D] G A^(A)r. Note that V C B_(D) if and only 
if ordv(||II||) > 0 (see [ELMNPTI Proposition 2.8], |Ny[ V.1.9 Lemma]). For more details, we refer to 
|ELMNPI| and [N]^ . 

2.3. Divisorial Zariski decompositions. Let D be a pseudoeffective divisor on a variety A of dimen¬ 
sion n. 


Definition 2.2. The divisorial Zariski decomposition of D is the expression 

D = P + N 

such that the negative part A of Z? is defined as 

N= ord^dlDlDE 

codim E—1 

where the summation is over the codimension I irreducible subvariety E of A such that ord£;d|I?||) > 0 
and the positive part P of D is defined a.s P := D — N. 

It is well known that the summation for the negative part N is finite and the components of N are 
linearly independent in A^(A)r. Furthermore, the positive part is movable, that is, B_(£>) has no 
divisorial components. For more details, see [B] and |Ny[ Chapter III]. 


2.4. Restricted volumes. Let P be a Q-divisor on a variety A of dimension n, and P be a u-dimensional 
proper subvariety of A such that V % B+(P). The restricted volume of D along V is defined as 


volx|u(P) := limsup 

m—>oo 


h°{X\V,mD) 
m'" jvl 


where h^(X\V, mD) is the dimension of the image of the natural restriction map (p : iJ°(A, Ox{rnD)) 
H^{V,OvimD)) l |ELMNP2l Definition 2.1]). As the volume function, the restricted volume yo\x\v{D) 
depends only on the numerical class of D, and it extends uniquely to a continuous function 

volx|y : Big'^(A) R 


where Big^(A) is the set of all R-divisor classes ^ such that V is not properly contained in any irreducible 
component of B-|_(^). By |ELMNP'^ Theorem 5.2], if V is an irreducible component of B_|-(P), then 
volx|y(P) = 0. When V = X, then we have volxix(h)) = volx(P) for any divisor D, so volx(P) = 0 
when D is not big. For more details, see [ELMNP^. 


2.5. Moving Seshadri constants. We first recall the definition of the Seshadri constant of a nef divisor 
at a point. 

Definition 2.3. Let P be a nef divisor on a variety A. Then the Seshadri constant e{D;x) of P at a 
point a; on A is dehned as 

£{D]x) := sup{s I f*D — sE is nef} 

where / : A —>■ A is the blow-up of A at a; with the exceptional divisor E. 
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We now let 


x) 


inf 

C3x y multa; C j 


where inf runs over all irreducible curves containing x. It is well known that when D is nef, e{D; x) = 
e'{D;x) l [Lal Proposition 5.1.5]). Furthermore, by the Seshadri’s ampleness criterion f [Lal Theorem 
1.4.13]), a divisor U on a variety X is ample if and only if £'{D; x) > 0. Thus for a nef divisor I?, 

the Seshadri constant e{D]x) measures the local positivity of D at x. For more details, we refer to [Lai 
Chapter 5]. 

For pseudoeffective divisors, Nakamaye (' |Nm) . see also |ELMNP'^ 1 defined the following measurement. 


Definition 2.4. Let be a pseudoeffective divisor on a variety X. If x ^ B+(Z)), then the moving 
Seshadri constant £(|jllj|;a;) of D at a point cc on X is defined as 

e(|lDj|;x) := sup e{A]x) 

f*D=A+E 


where the sup runs over all morphisms f : X ^ X with X smooth, that are isomorphic over a neighbor¬ 
hood of a;, and decompositions f*D = A + E with an ample Q-divisor A and an effective divisor E such 
that f~^{x) is not in the support of E. If cc € B+(Z)), then we simply let e(|lDj|;a:) = 0. 


If D is nef, then e(|jDj|;a;) = e{D-,x). Note that e(|jZ)j|;a;) depends only on the numerical class of 
D. Furthermore, by [ELMNP'^ Theorem 6.2], for every point a: of a variety X, the map D i-A e(|jDj|;a;) 
defines a continuous function on the entire N&on-Severi space N^(X)r. For more details, we refer to 
|ELMNP2| . 


3. Construction and basic properties of Okounkov bodies 

In this section, we first explain the construction of Okounkov bodies in [LM], KE] and limiting 
Okounkov bodies in |CHPWj and review some of their basic properties. Throughout this subsection, we 
fix an admissible flag Y, on a smooth projective variety X of dimension n, which is defined as a sequence 
of irreducible subvarieties Yi of X such that 

F. : X = Fo O Fi D ... D r„_i O y„ = {x} 

where each Yi is of codimension i in X and is smooth at x. We denote the R-linear system of a divisor 
D by 

\D\k := {D' \D^kD'> 0}. 

Let us first consider a big divisor D on X. For a given admissible flag F,, we define a valuation-like 
function 

(3.1) lyy . : \DW ^ K>o 

as follows. For D' G |D|r, let 

Pi = Pi(D') := ordyi(D'). 

Since D' — vi{D')Yi is also effective, we can define 

V2 = V2{D') := OTdY2{{D' - PiFi)|yJ. 

Once Vi = Vi(D') is defined, we define = Vi^i{D') inductively as 

Vi+i{D') := ordy,^i((- • • ((£>' - piFi)1yi - P2I2)|y 2-UiFi)|yJ. 

By collecting the values vflD'), we can define a function vy, in p.ll) as 

p(D') = (pi(D'),P2(D'),-- - ,P„(D')). 

Remark 3.1. By definition, it is easy to see that for any D' G |D|r, we have 

Ei{D') < ovdyflD') < ordy. (D'|y._j). 
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Definition 3.2. The Okounkov body Ay,{D) of a big divisor D with respect to an admissible flag Y, is 
a closed convex subset of ]R>q defined as follows: 

(3.2) Ay. (D) := the closure of the convex hull of z/y. (|D|r) C M>q. 

The limiting Okounkov body Ay™(Z?) of a pseudoeffective divisor D with respect to an admissible flag Y, 
is defined as 

:= f|Ay.(D + eA) 

e>0 

where A is an ample divisor on X. If D is not pseudoeffective, we simply put Ay™(£)) := 0. 

ft is easy to see that the limiting Okounkov body Ay™(D) is also a closed convex subset of K.". Note 
also that if D is big, then Ay,(Z3) = Ay“(D) by the continuity of Ay,{D) ((LMI Theorem B]). For this 
reason, we will simply use the notation Ay, (D) instead of Ay™(D) when D is big. 

Lemma 3.3. Let D be a pseudoeffective divisor on X. Consider a birational morphism / : X —> X with 
X smooth and an admissible flag 

Y. : X = Yo A Yi D • • • A Y„_i A Y„ = {x'}. 

on X. Suppose that f is ismorphic over f{x') and 

Y. := /(Y.) : X = /(Yq) A /(Yi) A ... A /(Y„_i) A /(Y„) = {/(x')}. 

is an admissible flag on X. Then we have A~™(/*Z)) = Ay™(L>). 

Proof, ft is enough to consider for the case where D is big. In this case, the assertion follows from the 
construction of Okounkov bodies of big divisors and the fact that H°{X, Ox{D')) = O^{f*D')) 

for any Z-divisor D' on X. □ 

By the following lemma, we can assume that every subvariety Yi from the admissible flag Y, is smooth. 

Lemma 3.4. Let D be a pseudoeffective divisor on X and Y, be an admissible flag on X. Then we can 
take a birational morphism / : X —>■ X with X smooth and an admissible flag Y, on X such that each Yi 
is smooth and A~™(/*D) = Ay™(D). 

Proof. Recall that each subvariety Yi from the admissible flag Y, is smooth at x. By successively taking 
embedded resolutions of singularities of Y„_i,..., Yi in X, we can take a birational morphism / : X —^ X 
with X smooth such that / is isomorphic over x. For 1 < i < n — 1, let Y^ be the strict transform of Yy 
Then we obtain an admissible flag on X as follows: 

Y. : X = Yo A Yi A ... A Y„_i A Y„ = {/"'(x)}. 

Now the assertion follows from Lemma □ 


The following lemma will be helpful to compute the limiting Okounkov bodies using the divisorial 
Zariski decompositions. 

Lemma 3.5. Let D he a pseudoeffective divisor on X, and D = P + N be the divisorial Zariski decom¬ 
position. Fix an admissible flag Y, on X. Then we have Ay™(I?) = Ay™(P) + Ay™(X). In particular, 
ifYn = {x} 2 Supp(X), then Ay™(D) = Ay™(P). 

Proof. When D is big, the assertion is exactly the same as [KL21 Theorem C (3)]. If D is only pseudoef¬ 
fective, then the assertion follows from the big case and the definition of limiting Okounkov bodies. □ 


ft is sometimes useful to work in the following restricted situations. For 1 < k < n, we define the k-th 
partial flag Y^, of Y, as 


Yfc. := Yfe A ... A Y„. 


Suppose that D is a big divisor such that Yk % B+(D). We define : |D|r —>■ R”q as the function u, 
defined above (j3.1ll where we let yflD') = 0 for all D' S |D|r iii <k. 
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Definition 3.6. The k-th restricted Okounkov body Ay^,{D) of D with respect to the partial flag Yfe, is 
defined as the following subset of {0}^ x C ]R>g): 

(3.3) Ay^:,{D) := the closure of the convex hull of h'ktilDW)- 

By convention, the 0-th restricted Okounkov body is the usual Okounkov body, i.e., Ay.{D) = 
Ayo.{D). We can easily check that (D) is a closed convex subset of M”. We note that the k- 
th restricted Okounkov body Ay^,,{D) is nothing but the Okounkov body of a graded linear series W, in 
[LHI p.804], where Wm = Im {H°{X,OximD)) ^ H°{Yk,OY,{mD\Y,))). 

The following is one of the most important properties of Okounkov bodies. 

Theorem 3.7 1 [LM[ (2,7) p.804]). Let D be a big divisor on X, and Y, be an admissible flag on X. 
Assume that % B_|_(D). Then we have 

volRn-.(AY,.(D)) = volx|yjT>). 

Remark 3.8. Assume that Yfc is smooth. We can regard the fc-th partial flag Yfe, as an admissible flag 
on Yfc so that AY^.,{D\Y^) is a subset of If D is a pseudoeffective Cartier divisor, then 

{Ol'^X Ay,.(D|yjD Ay,.(D) 

holds in general. If D is nef and big and Yfc % B+(i4), then the equality holds and volgn-ib (Ay^^, (Djy^)) = 
i;r^volx(D|yJ. 

Definition 3.9. Let x e Ay,. (D) be a point. If x is of the form x = Vk,{D') of for some D' € |D|r, 
then X is called a (k-th) valuative point of Ay,.(D). We denote by 

Lfc := {vk,{D') I D' e |D|r} C {O}'^ x 

the set of fc-th valuative points. 

It is known that Tfc forms a dense subset in Ay,.(D) I jKMSl Lemma 2.6]). Thus it is enough to take 
the closure of the image r'fc.dDjR) in Definition 13.21 and 13.61 to obtain Ay,.(D). 

Lemma 3.10. Let D, D' be pseudoeffective divisors on X. Then we have A^“(D)-|-Ay™(D') C Ay™(D-|- 
D'). 

Proof. For an ample divisor A and any e, s' > 0, we have 

Ay. {D + sA) + Ay. {D' + s'A) C Ay. {DYD’ Y{e + s’) A). 

It follows from the convexity of Ay. (D) (cf. [LMl Proof of Corollary 4.12]). By taking the limit, we 
obtain the statement. □ 

For any subset A C K.", we denote A 2 ;i=...=xfc=o := A n ({0}^ x R"”*). It is easy to check that the 
condition Yfc % By(D) implies that 

Ay. (D)a;, = ...=a ;,=0 7^ 0- 

Lemma 3.11 (cf. |LM[ Theorem 4.24]). Let D be a big divisor and Y, be an admissible flag on X such 
that Yfc By(D) for some k>\. Then 

(Ay,_i.(D))^^^jj = Ay,.(D). 

Furthermore, Ay. (i:)),c,=...=a,,=o = Ay,.(D). 

Proof. Since AY.{D),ci=...=Xk=o 7 ^ 0 by the assumption Yfc % B+(D), there is a fc-th valuative point 
Vk»{D') 7 ^ 0 of Ay,.(D) for some D' e |D]r. Note that Vk{D') = 0. Thus (Ffc_i)a;,=o coincides with the 
image of Ffc C {0}^ x under the injective map 

{0}'= X ^ {0}'=-^ X 

given by the identity. It is easy to see that (rfc_i) 2 ,,=o = (rfe-i)a;,=o and this implies the desired equality 
of the sets. By applying the equality successively, we obtain Ay. {D)x,^=...=xk=o = (Ay. {D)x.^=f)x 2 =---=xk=Q 
••• = Ay,.(D). □ 
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4. Restricted base loci via Okounkov bodies 

In this section, we prove Theorem lAl and Corollary IbI More specifically, we extract the restricted base 
locus B_(£)) of a pseudoeffective divisor D from its associated limiting Okounkov bodies. We also recover 
the divisorial components of B„(£)) from the limiting Okounkov bodies, and consequently obtain the 
movability criterion of divisors in terms of limiting Okounkov bodies (Theorem 14.41) . Throughout this 
section, X is a smooth projective variety of dimension n. 

We show the following lemma first. 

Lemma 4.1. Let D be a big divisor on X, and fix an admissible flag Y, on X. 

(1) IfYi C B_(£)), then the origin o/K” is not contained in Ay,{D). 

(2) IfYy 2 then for any integer k>l with B_(il), we have 0. 

Proof. (1) In this case, Yi is an irreducible component of B_(Z1) and ordy^(||il||) > 0 by |ELMNP^ 
Proposition 2.8]. Thus for any D' G |il|R, we have vi{D') = ordy, D' > ordy,(||il||) > 0. It follows that 

inf{a;i | (xi, • • • , a;„) G Ay. (D)} > 0. 

In particular, the origin of R" is not contained in Ay. (Zl). 

(2) Let /c > 1 be an integer such that Yk % B_(I?). For any e > 0, there exists an effective divisor 
D' D such that ordy^(I?') < e. Since A Yfc for i < fc, we have ordy. (D') < ordy^(H'), and hence, 
ordy (£)') < £ for all i < k. By Remark 1 3. 11 we see that vflD') < ordy (£)'). Thus 

Vi{D') < £ for all i < k. 

This implies that for any £ > 0, there exists a valuative point (xi , • • • , Xn) in Ay. (D) such that Xi G [0, £) 
for all integers i with I < i < fc. Thus we obtain AY,{D)xi=...=xk=o D 

We now prove Theorem as Theorem 14.21 

Theorem 4.2. Let D be a pseudoeffective divisor on X. Then the following are equivalent. 

(1) X G B_(Li). 

(2) For any admissible flag Y, centered at x, the origin o/R" is not contained in Ay™(£)). 

(3) For some admissible flag Y, centered at x, the origin o/R" is not contained in Ay™(I?). 

Proof. We first treat the case where D is big. In this case, Ay™(il) = Ay. {D). 

(I) ^ (2): Assume that x G B_(il) and fix an admissible flag Y, centered at x. If Yi C B_(il), then by 
Lemma l4Tl (II. the origin of R" is not contained in Ay. (Z)). Thus assume that Yi ^ If fc > I is 

the largest integer among i such that Yi % B_(il), then Y^+i C B_(il) and by Lemma H(T] (21. 

Sk := Ay,{D)x.^=...=xu=Q ^ 0- 

We claim that inf{xfc+i | (0, • • ■ ,0, x^+i, • • • , x„) G Sk} > 0, and hence, the origin of R” is not contained 
in Ay. (D). Since Sk and the valuative points are dense in Ay. (£>), it follows that for any small £ > 0, 
there exists an effective divisor D' G |il|R which defines a valuative point v{D') = (ui, • • • , u„) G Ay. {D) 
such that 0 < Pi < £ for all integers i satisfying 1 < i < k. Let D[ := D', D 2 := {D[ — uiYi)|y,^ and 
define D' inductively as 

Then we get 

Ufc+i = Vk+i{D') = ordy+i((D^ - UfeYfc)|y) 

= ordy+,(L>^|yJ - Vk 
= Ordy+i((L>^_i - l/fc_irfe_i)|yj - Vk 
= ordy+,(L>^_JyJ - Vk-I - Vk 


= ordy+i(L>'i|yJ -V 1 -V 2 - Vk. 

We have ordy^.^^ (||il||) > 0 since Y^+i C B_(il). Suppose that 0 < £ < ^ ordy^^^^ (||I?||). 
Q <Vi < £ for I < z < fc, we obtain 

Vk+i = Ufe+i(D'|y) = ordy+i(Dj|y) - (ui +- VVk) 

> ordy+i(Di|y) - A: - ^ordy^i(||il||) 

> ordy+i(||D||) - iordy+,(||il||) 

= iordy+,(||il||). 


Since 
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Therefore, we get 

inf{a;/c+i | ( 0 , • • • £ Sk} > ^ ordy^^i(||i:)||) > 0 . 

We have shown the claim so that the origin of M" is not contained in Ay,{D). 

(2) ^ (3): Obvious. 

(3) ^ (1): Assume that there exists an admissible flag Y, centered at x such that the origin of M" is not 
contained in Ay,{D). To derive a contradiction, suppose that x ^ B_(Z)). By letting fc = n in Lemma 
14.11 (2), we obtain a contradiction. Thus we have proved this theorem for big divisors. 

We now turn to the proof for the case where D is pseudoeffective. Fix an ample divisor A on X. First, 
observe that 

B_(D) = \jB^{D + eA). 

e>0 

Thus X £ B_(Z1) if and only if a; £ B_(Z? + eA) for all sufficiently small e > 0. Since Ay™(Z)) = 
Ay,{D + eA), the assertion easily follows from the case where D is big. □ 

Note that a pseudoeffective divisor D is nef if and only if B_(Z?) = 0. Thus we immediately obtain 
the following nefness criterion. 

Corollary 4.3. Let D be a pseudoeffective divisor on X. Then the following are equivalent. 

(1) D is nef. 

(2) For any admissible flag Y,, the origin o/K" is contained in Ay“(Z?). 

(3) For any point x & X and for some admissible flag Y, centered at x, the origin o/R" is contained 
in A'ff^iD). 

Next we prove the movability criterion of divisor. Recall that a divisor D is movable if B_(Z?) has no 
irreducible components of dimension n — 1. 

Theorem 4.4. Let D be a pseudoeffective divisor on X. The following are equivalent: 

(1) D is movable. 

(2) For any admissible flag Y, on X, we have A^flf{D)xi=o 7 ^ 0. 

Proof. As in the proof of Theorem 14.21 we prove the case when D is big. The pseudoeffective case is easy 
and left to the readers. 

(1) => (2): Fix an arbitrary admissible flag Y, of A. li D is movable, then Yi B_(Z1). By Lemma l4Tl 

( 2 ) , we have Ay. {F>)^^=q ^ 0 . 

(2) ^ (1) Suppose that D is not movable. Then there exists a prime divisor E C B_(I1). Take an 
admissible flag Y, such that Yi = E. Then for any effective divisor D' such that D' D, we have 

ni{D') = ovdYiiD') > ordvidlDll) > 0. 

Thus Ay,{D)x.^=o = 0, which is a contradiction. □ 

Corollary 4.5. If X is a surface, then in addition to the conditions (1),(2), and (3) in Corollary \4.3[ 
the following condition is also equivalent: 

(4) The Okounkov body A^fE{D) with respect to any admissible flag Y, intersects the X 2 -axis of the 
plane K^. 

Proof. The condition (4) is the movability condition for divisors on a surface. On a surface, a divisor is 
movable if and only if it is nef. □ 

5. Divisorial Zariski decompositions VIA Okounkov bodies 

In this section, we compute the divisorial Zariski decomposition of a big divisor using the limiting 
Okounkov bodies. The Zariski decomposition plays a crucial role in computing the Okounkov body of a 
big divisor in the surface case (see |LMl Theorem 6.4]). As before, A is a smooth projective variety of 
dimension n. 

We first define the following set for a pseudoeffective divisor D on A: 

Y, is an admissible flag with Yi = E 
such thatAy™(D) 2 ;i=o = 0 - 


(iw(A‘™(Z?)) := E 
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Lemma 5.1. The set is finite, and #((iwA*™(_D)) = 0 if and only if D is movable. 

Proof. Note that for an admissible flag Y, with Yi = E on X, we have 

^e{\\D\\) = min{a;i|(aii, • • • ,x„) e Ay“(D)}. 

Thus ff{divA^^’^{D)) is the number of divisorial components of so it is finite by m- The second 

statement follows from Theorem 14.41 □ 

We now explain how to obtain the divisorial Zariski decomposition of a pseudoeffective divisor D using 
the limiting Okounkov bodies of D. If Zl is not movable, then by Theorem 14.41 there exists an admissible 
flag y, with Yi = El such that A^™(il) does not intersect the hyperplane Hi defined by xi = 0. Define 
a positive number 

ai := inf{xi > 0 | (xi, • • • , Xd) G Ay“(D)} > 0 
and consider the divisor D — aiEi. Note that oi = ord_Ei(||D||). 

Lemma 5.2. Let D be a pseudoeffective divisor on X. IfY, an admissible flag on X such that Yi = Ei 
is a divisorial component o/B_(D), then 

A^“(D - aiEi) = A^“(D) - (ai, 0, • • ■ , 0). 

Proof. First, we assume that D is big. It is easy to see that 

\D — oiFiilR = |D|r — aiEi. 

By applying the function u,, we obtain 

u,(|D - oiFiilR) = u,(|D|r) - (ai,0, • • • ,0). 

This implies the required statement. Now we consider the case that D is only pseudoeffective. For an 
ample divisor A and a positive number e, the divisor Dg := D + eA is big. Thus we have 

A^“(Dg - ord,5,(||Dg||)i?i) = A^“(Dg) - (ordB,(||Dg||), 0, • • • , 0). 

By taking e —>■ 0, we obtain the required statement by the definitions of ord_Ei(||D||) and □ 

By Lemma 15.21 we have Ay™(D — aiEi) = Ay™(D) — (oi, 0, • • • ,0). The Okounkov body — 

aiEi) touches the hyperplane Hi since 

inf{xi > 0|(xi, • • ■ ,Xd) G Ay.{D - aiEi)} = ord^idlD - aiEi\\) = 0. 

We also have 

#(dfi;A'™(D - aiEi)) = #(dfi;A'™(D)) - 1. 

We can continue this process by replacing D hy D — aiEi. Thus after n = #(dwA^™(il)) steps, we 
arrive at a situation where 

Ay“(D - aiEi -a„£;„)a;i=o 7^ 0 

for all admissible flags Y, on X. Since ff{divA^^’^{D — aiEi — ■ ■ ■ — OnEn)) = 0, Lemma [5T] implies that 
P = D — aiEi — ■ ■ ■ — OnEn is movable. Thus we obtain the divisorial Zariski decomposition D = P + N 
where N = aiEi + • ■ • + OnEn. 

6. Augmented base loci via Okounkov bodies 

In this section, we prove Theorem [C] and Corollary |D] More precisely, we extract the augmented base 
locus B+(Z)) of a pseudoeffective divisor D from its associated limiting Okounkov bodies. Throughout 
this section, A is a smooth projective variety of dimension n. 

Although Corollary |D] can be proved as a consequence of Theorem El we first show Corollary |D] as 
Proposition [22] in order to clarify the ideas and to make the proofs more transparent. For this purpose, 
we need the following easy lemma. 

Lemma 6.1. Let D be a pseudoeffective divisor on X, and fix an admissible flag Y, centered at a point 
X on X. If there is an irreducible curve C passing through x such that q < e for some e > 0 and 
C 2 Yi, then C C B_(D — eYi). In particular, (e, 0, • • • ,0) ^ Ay™(ZI). 
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Proof. Note that multa; C < Yi ■ C. Thus we have 

{D — eYi) ■ C < D ■ C — £ multa; (7 < 0, 

and hence, C C B_(i7 — eYi). In particular, we have x G B_(i7 — eYi). Therefore Theorem El implies 
that the origin of M" is not contained in Ay™(Z3 — eYi). Thus we get (e, 0, • • • ,0) ^ Ay™(_D). □ 

The following gives the ampleness criterion of divisors via limiting Okounkov bodies. 

Proposition 6.2. Let D he a hig divisor on X of dimension n. Then the following are equivalent. 

(1) D is ample. 

(2) For any admissible flag Y,, 17>o is contained in Ay,{D) for some small open neighborhood U of 
the origin o/K.”. 

(3) For any point x G X and for some admissible flag Y» centered at x, U>o is contained in Ay, {D) 
for some small open neighborhood U of the origin o/R”. 

Proof. (1) (2): We use the induction on dimension n. The case n = 1 is clear since we have Ay, (D) = 

[0,degl?] f [LMl Example 1-14]). We now assume that n > 2. Since D — sYi is ample for all sufficiently 
small e > 0, it follows from Corollary iBl and [LMl Theorem 4.26] that 

0 Ay^, {D — eYi) n xi-axis = Ay, {D)xi=£ n xi-axis C Ay, (D) n xi-axis. 

In particular, (e', 0, • • • ,0) G Ay, (£>) for some e' > 0. 

Let f '■ X —5> A be a birational morphism as in Lemma 13.41 so that Ay, (H) = Ay {f*D). Let 
El, - ■ ■ ,Er be all the exceptional prime divisors of / and write E := Then {f*D — £E)\y^ is 

ample on Yi for a sufficiently small e > 0. By the induction hypothesis, there exists a simplex ky C 
of length A' = (A 2 , • • • , A„) with all A^ > 0 such that ky C Ay^^ iif*D — c£')|yj. Thus by Remark l3^ 
we have 

{0} X ky C {0} X Ayjrn - £E)\y,) = ^Yjf*^ - = Ay^iro - sE),,=o- 

We can easily show that Ay^{eE) = {0}. Thus we obtain 

{0} X ky C Ay^ {fD - eE) + Ay^ {eE) C Ay^ {fD)) = Ay, {D). 

By the convexity of Ay, [D), the simplex k\ C R" of length A = (e', A 2 , • • • , An) is contained in Ay, [D). 

(2) ^ (3): Obvious. 

(3) => (I): Suppose that D is not ample. Then by the Seshadri’s ampleness criterion, there exist a point 

X an. X and a sequence {Ci} of irreducible curves passing through x such that limi_).oo ~ 

derive a contradiction, we further assume that for some admissible flag Y, centered at x, the simplex 
k\ C R" of length A = (e, • • • , e) is contained in Ay, (D) for a sufhciently small e > 0. We may assume 
that 


mult c ^ *■ Take a birational morphism f : X ^ X isomorphic over x as in Lemma 

13.41 Then we obtain an admissible flag Y, on X such that all subvarieties Yi are obtained by the strict 
transforms of Yi, and we have Ay, (I?) = Ay^ (/*£)). If we let x' := f~^{x) and denote by Ci the strict 

J~) -f* D 

transforms of Ci, then we also have yl C = 

muitx mult^,/ Ci 

Suppose that Cj ^ Tn-i for some j. Then there exists an integer k > 0 such that Cj C Y). and 
C % Yk+i- For such k, the following holds 

ro ■ c, 


mult a:' Cj 


rD\Y, -c 

mult a;' Cj 


< e. 


Thus Lemma IQ] implies that (e, 0, • • • , 0) ^ Ay^ (/*H|y^). However, this is a contradiction since 

Ay^(rZ4),a=...=.,=0 C AyJrOlyJ. 

It remains to consider the case where {Ci} is a constant sequence; Ci = Yn-i for all i. In this case, 
^ is also constant and we have f*D ■ Ci = f*D\y ■ Ci =0. Let /*i7|y = P + TV be the 


multj,/ Ci 


Zariski decomposition on the surface Y 2 . Then we have P ■ Ci = 0. Now [LMl Theorem 6.4] implies 
(0,e) ^ Ay (/*iA|y ), which however is again a contradiction. □ 
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The following is the main ingredient of the proof of Theorem [C] 

Theorem 6.3. Let x G B+{D) and X ^ B_(Z)). Then for any e > 0, there exist a birational morphism 
f : Y ^ X which is isomorphic over a neighborhood of x and a curve C on Y passing through x' := f~^{x) 
such that 

r. PC 
- mult^- C ^ ^ 

where P is the positive part of the divisorial Zariski decomposition of f*D. 

Proof. Fix a real number e > 0. Let Ai be a sequence of ample divisors on X such that D + Ai is a 
Q-divisor for each i and limi^oo = 0. Note that x 0 B_|-(Z3 + Ai) for each i. Since e(|| • ||;a;) is 
continuous and limi^oo £{\\D + ^i||; = sdl^ll; a:) = 0, we may assume that 

e{\\D + A,\\,x) < £ 

holds for all i. For each as in [Lei Proposition 3.7], there exist an integer m and a birational morphism 
fi,m ■ t X Centered at B+(D + Ai) which resolves the base locus of the linear system \m{D + Ai)\. 

To simplify the notation, we denote x' = ff^ix). Let f*^{m{D + Ai)) = Mi^m + Fi,m be a decomposition 

into a base point free divisor and the fixed part Since e(||F + Ali||; a;) = £{^Mi^rn',x'), 

we have 

' 1 


-M,_ 


< e 


for all sufficiently large and divisible m > 0. This implies that on Xi^m for a sufficiently large and divisible 
m, there exists an irreducible curve C on Xi^m passing through x' such that 


-M.m ■ C 


< e. 


multa;' C 

Consider the divisorial Zariski decompositions: 

fl^iD + A,) = Pl^ + iV'„ and flJD) = 


By [Lei Proposition 3.7], we have lim. 
we finally obtain 


-f-Mi m, = Pi and we also have lim. 


m—^oo 


1^00 J i rn 


P' = P 


0 < 


p . r' 

t,m ^ 

multx' C 


< e. 


for some large m. 

Now we prove Theorem [Cj as Theorem 16.41 


Thus 


□ 


Theorem 6.4. Let D be a pseudoeffective divisor on X. Then the following are equivalent. 
{1)xgB+{D). 

(2) For any admissible flag Y, centered at x, U>o is not contained in A^fP{D) for any small open 
neighborhood U of the origin of R". 

(3) For some admissible flag Y, centered at x, U>o is not contained in A^fP{D) for any small open 
neighborhood U of the origin of R". 

Proof. Suppose first that D is not big. Then B+(F) = X and vo1r»* (Ay“(F)) = 0 for any admissible 
flag Y,. Thus Ay™(F)) cannot contain any n-dimensional convex set. In this case, there is nothing to 
prove. Thus, from now on, we assume that D is big and we write Ay™(i4) = Ay, {D). 

(1) ^ (2): Fix an admissible flag Y, centered at x. If x G B_(Z?), then this implication follows from 
Theorem 1X1 Thus we assume that x G B+(i7) \ B_(ZI) so that the origin of R" is contained in Ay,(D). 
First, we assume that D\y^. is not big for some I < fc < n — I. Then arguing as above, we see that 
Ay™ (i4|y^) does not contain C7>o n ({0}^ x R"“^) for any small neighborhood U of the origin of R”. 
Since AY.iD)^^^...^ 0:^=0 C A^™ (FjyJ, we have 

U>o n ({O}'^ X R"-'=) 2 Ay.(F),,^...^,,=o, 

hence U>q % Xy,{D). 

Thus we only have to consider the case where Fjy is big for all i such that l<i<n — 1. To 
derive a contradiction, suppose that a simplex kx of length A = (£,...,£) with e > 0 is contained in 
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Ay,{D). Since x € B+(I?) \ B_(Z)), by Theorem 16.31 there exist a birational morphism f : X ^ X and 
an irreducible curve C on X passing through x' := f~^(x) such that 

PC 

- 5 < £ 

multa;' G 

where P is the positive part of the divisorial Zariski decomposition of f*D. By Lemma 13.41 we may 
assume that the admissible flag Y, on X obtained by taking strict transforms of Yi consists of smooth 
subvarieties. By Lemma 13.51 we have 

Ay.{D) = = A^^iP) 

so that A A G Ay^ (P). In particular, P\y^ is big for any 1 < fc < n—1, and (e, 0, • • • ,0) G Ay {P)xx=--=xk=^ 
holds in R"”* for any fc > 0. 

We claim that C = T„_i. Otherwise, there exists an integer k > 0 such that C C Yk and C % Yfc+i. 
In this case, we have 

PC P\yc(^ 

-= —— -< e. 

multa;' C multa;' C 

Therefore, by Lemma lOl (£,0,--- ,0) ^ Ay^ ^o^^s in However, this is a contradiction 

since 

Ay^{P)xi=".=xk=0 ^ ^Yfe. 

holds for any k > 0. Thus C = l^_i. In this case, we have multa,' C = I, so P ■ C < e. From the above 
inclusion for the case k = n — 2, we observe that (0, e) G Ay^ 2 ^' ^ see that 

C ^ B_(P|y ^). Let P\y ^ = P' + N' he the Zariski decomposition. Then we have 

P' -C < P' -C + N' -C = P\y^_^ - C <e. 

Thus by [LMl Theorem 6.4], (0,e) ^ {P\y )> which is again a contradiction. 

(2) (3): Obvious. 

(3) (1): Suppose that x ^ B+(ZI). For an ample Z-divisor H on A and for some sufficiently small 
£ > 0, we have B+(ZI) = B_(Z) — eA). By Theorem 14.21 for any admissible flag Y, centered at x, the 
origin O of R" is contained in Ay, {D — eA). By Proposition 16.21 the Okounkov body Ay, {eA) contains 
t/>o for some open neighborhood U of the origin of R". By Lemma [3. 101 we have 

Ay, {D - eA) + Ay, {eA) C Ay, {D). 

Therefore, the set U>o = O + U>o is also contained in Ay, {D). □ 

7. Bounds for moving Seshadri constants via Okounkov bodies 

In this section, we prove Theorem [E] Throughout this section, A is a smooth projective variety of 
dimension n. 

For a convex subset A C R" containing the origin of R", we define the maximal sub-simplex of A as 
the simplex Aa of length A = (Ai, • • • , A„) where Xi = max{a;i|(0, • • • , 0, cci, 0, • • • , 0) G A} for each i. 
Note that we may have Ai = 0 for some i. If the origin of R" is not contained in A, then we define the 
origin as its maximal sub-simplex. If A = Ay, {D) where is a big divisor on a variety A of dimension 
n and Y, is an admissible flag centered at ai G A, then the i-th maximal length Ai depends on D, x, and 
Y,. Thus we can write Ai = Xi{D\x,Y,). 

We first compute the bounds for the Seshadri constant of nef and big divisors. 

Theorem 7.1. Let D be a nef and big divisor on X, and x be a point on X with x By(II). Fix an 
admissible flag Y, centered at x. Let Aa he the maximal sub-simplex of Ay, {D) of length A = (Ai, • • • , A„) 
where Ai = Xi{D;x,Y,). Then we have 

Amin A ^{P 1 P) A Xyi 

where Amin := mini<j<„{Ai}. 
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Proof. Note first that by Theorem [Cl Ay,{D) contains U>o for some open neighborhood U of the origin 
in R". Thus Ai > 0 for all i. First, we show the upper bound. Recall that 


e(iA; x) = inf • 


D-C 


C y multa; C 

where inf runs over all irreducible curves C passing through x. Since Yn = {x} % B+(iA), we have 
Yn-i % B+(iA). Then it follows from Theorem 13.71 and [LMl Theorem 6.4] that 

Ay. = {(0,..., 0, a;„) I 0 < < volx|y„_i (D)}. 

Note that volx|y„_i(T*) = D ■ y„_i = A„ and multa, F„_i = 1. Thus we have 


e{D] x) = inf • 


DC 


< 


D ■ y„i 


C y multj; C J multa; Yn-I 


= A. 


For the inequality concerning the lower bound, we only have to prove that 


D-C 
“ multa; C 

for any irreducible curve C passing through x. Note that (Aniin,0, • • • ,0) G Ay. (7A). If C 2 Ad, then by 
Lemma oi we get [D — AininAi) ■ C > 0. Thus we have 


^ ^ D-C ^ D-C 

™ - Yi-C - Tmxlt^C 

When C C Id, we use the induction on the dimension n of A. By Lemma f3.4l we can assume that all 
subvarieties from Y, are smooth. Suppose that n = 2. In this case, C = Yi. Since multa, C = 1, it follows 
that 

A„.in < A2 = YolxiciD) =D-C= 

This completes the proof for the case n = 2. Now we suppose that n > 3. In this case, by induction, we 
obtain 

^ D\n-C D-C 
“ multa; C multi, C' 

Hence, in any case we have Amin < mSc c • 


To prove Theorem we need the following lemma. 


Lemma 7.2. Let D be a big divisor on X. Let Y, be an admissible flag on X centered at a point x such 
that X ^ By(ZI). Then for any e > 0, there exists a birational morphism f : X ^ X isomorphic over a 
neighborhood of x and a decomposition f*D = A + E into an ample divisor A and an effective divisor E 
such that for each i, we have 

Xi{D-,x,Y,) - e < Xi{A;x',Y,) < Xi{D-,x,Y,) 

where Y, is an admissible flag on X whose subvarieties are obtained by the strict transforms of subvarieties 
ofY, and x' = f~^{x). In particular, we also have 

•^min {D-,x,Y,) - £ < A 

min {A-,x',Y,)<X 

min {D;x,Y,). 

Proof. By the Fujita approximation for Okounkov bodies (cf. (Pj Theorem 2.3]), we can take a birational 
morphism / : A —>■ A in the statement such that 

(A) c A^^ irD) = Ay. (D) c Aj.^ ((1 + M) 

for some d > 0, and volRn(Ay {f*D)) — volRn(Ap (A)) and volRn(Ap ((1 + dA)) — volRn(A^ {f*D)) are 
arbitrarily small. The assertion immediately follows from this observation. □ 

We finally prove Theorem |E] as Theorem 17.31 

Theorem 7.3. Let D be a pseudoeffective divisor on A, and x be a point on A. Then we have 

sup{Amin(P';a:, Y,)} < £(]|n|];a;) < mf{A„(iA; a:, Y,)} 

y. 

where sup and inf are taken over the admissible flags Y, centered at x. 
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Proof. If a; € B+(Z?), then e(||_D||;x) = 0. Since Xniin{D; x,Y,) = 0 for any admissible flag Y, centered 
at X, the assertion follows from Theorem [C] Thus we assume that x ^ B+(Z?) in the remaining. 

For the upper bound, it is enough to prove that for any admissible flag Y, centered at x, e{A\x' = 
f~^{x)) < Xn{D; X, Y,) holds for a birational morphism f : Y ^ X isomorphic over a neighborhood of x 
and where A is an ample divisor such that f*D — A is effective. Let Y, be the induced admissible flag on Y 
where each Y^ is the proper transform of Y^ on Y. Then by Theorem l7.ll we have e{A] x') < A„(A; x', Y,). 
Since Xn{A\x',Y,) < Xn{D;x,Y,), we have 

e{A;x') < Xn{D;x,Y,). 

For the lower bound, we need to prove that Aniin(-D;a;, Y,) < e(||Z?||;ai) for any admissible flag Y, 
centered at x. By the definition of e(||Z?||;x), it is enough to prove that for any e > 0 there exists a 
birational morphism / : Y —^ X with an ample divisor A on Y as in the above paragraph such that 

Ainin(.^? Ym') € <^ ^{A', X ). 

This follows from Lemma W72\ since Aniin(^; a;', Y.) < £{A\x') by Theorem 17.II □ 

Example 7.4. Let m be a positive integer. Let X = and D L where L is a line on P^. Consider 
an admissible flag Y, where Yi is a general member of |mL|. Then 

^y.{D) = {{X1,X2) € M>o I mfxi + X2 < m } . 

Thus Ainin(L?; X, Y,) = A and A2(7A;x, Y,) = m. Since e{D]x) = 1, the inequalities in Theorem 17.11 are 
strict if m > 1. However, if m = 1, then the equalities in Theorems 17.11 and 17.31 hold. 

Example 7.5. As in [KLll Remark 4.9], we also consider a fake projective plane S such that Ks = 3i7 
where Pic(iS') = Z • [H] and = 1 (see |PS[ 10.4] for the existence of such a surface). Fix an admissible 
flag Y, : Yo = S' A Yi = C A Yg = {x} where x is a very general point on S. Note that i7°(S, Ks) = 0 
and so H^{S,H) = 0. Thus C € \kH\ for some integer fc > 1. As in the previous example, we have 

Ay. (H) = {(xi, X 2 ) e K|g I fc^Xi + X 2 < fc } . 

Note that £{H;x) = 1. However, since we always have fc > 1, both inequalities in Theorem 17.31 are strict. 
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